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Abstract

In a previous work Pollack showed that a particular type of heterogeneous processor network is Turing universal. Siegelmann and Sontag
(1991) showed the universality of homogeneous networks of first-order neurons having piecewise-linear activation functions. Their result
was generalized by Kilian and Siegelmann (1996) to include various sigmoidal activation functions. Here we focus on a type of high-order
neurons called switch-affine neurons, with piecewise-linear activation functions, and prove that nine such neurons suffice for simulating
universal Turing machine® 1999 Elsevier Science Ltd. All rights reserved.
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1. Introduction to describe reality; the network should rather be considered
a mathematical formulation of neurons having many pos-

The current notion of universal computation is based on sible activation values. We note that, except for the certain
the model of Turing and the thesis by Church. Analog neural type of “weak robustness” described by Siegelmann and
networks are frequently viewed as abstract functional Sontag (1994) the network is not immune against noise,
devices able to perform computations. It is thus natural to and typically, in a noisy environment, it will not be compu-
consider analog networks in terms of their computational tationally stronger than finite automata (Casey, 1996; Maass
power in accordance with the classical discrete Turing & Orponen, 1998), or even definite language recognizers
model. (Maass & Sontag, 1999).

In this work our model is an analog recurrent (asym-  Our high-order neurons are constrained istgtch-affine
metric) network of neurons. Each neurgncomputes a  ones. In such a neuron, the functiBn(from Eqg. (1)) is a
polynomial P; of its inputs with rational coefficients; the  sum of terms; each is a monomial of neuron and input vari-
resulting scalar passes through a simple piecewise nonli-ables adhering to the following constraint: a variable
nearity. The update of a neuron can be written as appears with degree 1 in the term, and at most one variable
in each term takes a value in (0,1), whereas all the others are

% = o), @ in {0,1}. The latter neurons can be considered Boolean or
whereP; is a polynomial andr is the saturated-linear func-  switch variables, and hence the nasvatch-affine
tion described by As a result of the finiteness in the description of the model
0 < 0 and its constrained set of operations, these networks are
if X

computationally bounded from above by the Turing
o) :={ x fo=x=<1. ) model. This bound is reached: it is known that such analog
) networks are Turing universal even when the polynomial is
1 ifx>1 a linear function (Siegelmann & Sontag, 1991; Sun, Chen,

Although the description of each neuron is simple and finite, L€, & Giles, 1991). The number of the neurons required for

it may compute with unbounded precision. This assumption universality with first-order neurons was estimated at 886

of a continuous range of values in the neurons does not havelSiegeélmann and Sontag, 1995), and in later papers was
reduced to 96 (Koiran, Cosnard, & Garzon, 1994) and

* Corresponding author. Tel:+ 972-4-8294425. down to 25 (I_ndyk, 1995). (The wgrk of Pollack (1987) on
E-mail addressiehava@ie.technion.ac.il (H.T. Siegelmann) the universality of “neuring machines” should be recalled
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for its originality, although it consists of two different types
of neurons and uses discontinuous activation functions.

Thus Pollack’s model is heterogeneous and not an analog.

An intermediate model between Pollack’s and the current
one appears in Gavaldad Siegelmann (1999). Also worth
mentioning is the pioneering work by Moore (1990) which

demonstrates another, though related, finite dimensional

construction of universal analog systems.)
Our main theorem states that:

Theorem 1. There is a universal neural network with nine
switch-affine neurons which is Turing universal.

The proof is constructive and an example network
appears in Fig. 2.

The article is organized as follows. We first recall tag-
systemsnodel—a universal machine which is the basis of
our proof (Section 2), and then we construct a universal
neural network with nine switch-affine neurons which simu-
lates a tag system (Section 3).

2. Tag systems

In the late fifties and early sixties much work was
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This process is repeated on the word thus obtained until
either the tagged word has fewer thanetters or the first
letter of the tagged word is laalting letter. Halting letters
are, by definition, distinguished letters Affor which the
computation halts. A single halting letter is enough, which
will be assumed in the sequel.

The Coke—Minsky theorem (see, for instance, Minsky
(1967) states that any deterministic Turing machine can
be simulated by a 2-tag-system. On the contrary, Wang
proved that the halting problem is decidable for any 1-tag-
system (Wang, 1963). It is worth noticing that tag-systems
yielded by Coke—Minsky theorem happen to halt only by
meeting the halting letter on data encoding a Turing config-
uration. In particular, this means that the tagged word has
always at least three letters. This will be assumed in our
proof. From now on, say simplyag-systemfor 2-tag-
system.

Here is an example of a tag-system with a tag-system
computation:

bbb
a—b
bbc
b— be 3
cbc
c —!
c

conducted to find small Turing machines that are still ;.. /arsal tag-systems can be obtained either by directly

universal. Shannon (1956) proved the existence of universal

Turing machines with only two states or with only two
letters. Minsky suggested a machine with 4 symbols and 7
states (Minsky, 1967), which was the world record until
1982. Then, Yuri Rogozhin (Rogozhin, 1982, 1996) estab-
lished small universal Turing machines with a number of
symbols and states of (2,18), (3,10), (4,6), (5,5), (7,4),
(10,3), (18,2).

All the above results by Minsky and Rogozhin were
obtained by simulating tag-systems, which are a computa-
tional model due to Post (1965). As proved by Coke—
Minsky (Minsky, 1967), tag-systems can simulate a univer-
sal Turing machine, although with a significant computa-
tional slow-down, and thus have universal computational
power. We take advantage of this same model to find a
very small universal neural network.

We take here the definitions and illustrations of (Margen-
stern, 1995). A-tag-system, witlp a fixed positive integer,
is a calculus which is associated with a mapping from alpha-
betA into A*, the set of finite-length words of. The image
of a € A is its production One step in the computation
consists of performing the following three operations,
illustrated below forp = 2.

o g, the first letter of theaggedword submitted to the tag-
system, is memorized;

o the firstp letters of the word are erased;

e P;, the production associated with is appended at the
end of what remains from the tagged word.

simulating the computation of a universal Turing machine
on the alphabet {0,1} as in Coke—Minsky (Minsky, 1967),
or by directly simulating a two-register machine computa-
tion. As they do not directly concern our purpose, details are
omitted here. We only note that tag systems suffer a signifi-
cant slow-down relative to the standard Turing machines,
and thus our result proves only Turing universality and
should not be interpreted complexity-wise as a Turing
equivalent (Fig. 1).

3. Turing machine simulation with nine neurons

Denote byw thetag word of the input, bytag its encod-
ing (to be specified in Section 3.1), by | the number of bits of
the encoding, and btable the encoding of the internal
productions of the tag system. Our universal network
consists of six Boolean neurons (with value always in
{0,1}) and three continuous neurons. The continuous valued

ai

L | l
!

P:

Fig. 1. Tag system.
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W= ol@Iw+ 1+ W)k
+C1(1-C)(1—-E)W
+C1(1 = C)E[(4W = 1)(1 — Ew) + (16W — 7)Ew]
+(1=C)CaW + (1 - Ex)L. L+ Ex3 1]

FC1CH[(4W = 1)(1 — Ew) + (4W — 3)Ew]]

L = U[I—im—#%"L
+C(1-C)(1-E) L
+C1(1 = C3)E[(1 - Ew)4 L+ Ew 16 L]
+(1-C)Ca 3L

+C1CL4 L)

K = o[(l.+ CiC2Ew)table
+(C1 4 Cy = 2C1(Cy)
(6K — 1(1 - Ex) - 3Ex)(1 - E,) + (36K — 23)E,]

~C1C2(1 - Ew)]
C = oll+Ci(1-Co)(1 = EwE,) + (1- C1)C3E, + C1Ca)
Cy = o[Ci(1-Co)EwE; +C2(1 - CiEw)]
Ew = o[16W — 6 — 16EwCiCy — 16EwE, (1 — Cy) — 16E,Cy(1 — Cy)]
Ex = o[36K — 8 — 36(Ex + E,)]
E. = o[216K — 57— 216(Ex + E,)]

= o[(1-C1)Ca(6K — 4)(1 - 1,)]

Fig. 2. The universal neural network.

neurons aréV, L and K: W encodes the tagged wort, input digit of the tagged word has reached the network;
corresponds to the lengthof the encoding tag W (it afterwards,l, turns to 0 and remains forever with that
actually stores the value of 4, andK holdstable , an value. Channeld, and I, are in the form of impulse-
encoding of the production rules. We next describe the role responsely, (‘b’ for beginning of input) is 1 only with the

of the Boolean neuron€; andC, are twocontrol neurons first 1 bit of I,, andl, (‘€ for end of input) is 1 only at the
their value indicates which of the four stages in the simula- time whenl, turns from 1 to 0. Both, andl, are in O in all
tion (to be discussed in Section 3.3) is being processed.other times.

During the network operation strings of digits are read  For the sake of readability we first describe the encoding
and popped out dfV andK. Ey, Ex andE; assist in recog-  we use folW, L andK (Section 3.1) and only then go to the
nizing the state of the popped sequerggsignifies that the details of the simulation.

last stream of consecutive digits read out fridviis soon to

form a code of a letter (from AEx andE, relate toK in a 3.1. Encodings

similar manner;Ey signifies that the network is to finish

reading an encoded letter from a production rule, whkile Let us encode the letters of the tag-system alphabet, let it

signifies that the stream will soon form an encoding of a beA = {a,, ..., ay}, whereNis the number of letters iA, in

whole production ruleH is the Halting neuron. the following way:a; is encoded as cgd) = 1'3, where the
The network uses four binary input channéls; I, Iy, le. symbol “3” has the role of aight delimiter in order to

Channel lo transfers the binary tagged word as a distinguish the letters of. Recall that we have only one
sequence of bits and it defaults to O when it does not trans-halting letter, this will beay, the last one in the alphabet.
mit. Channell, (‘V' is for validation) is set to 1 whehw More generally, the words in the alphal#etre encoded
starts sending its input and remains set to 1 until the lastin the following way. Letm = b;...h, be a word orA with
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W

ifl, =1
then U[LHW—TEI]
elseif Cy=1and C; =0
then if £ =0
then W
else % now, F =1
if BEw =0
then 4W — 1
else 16W — 7
end if
end if
else if Cy=0and Cy =1
then if D=0
then W+ 1.L
else W + %.L
end if
else %now(C;=1andCy =1
ifB=0
then 4W — 1
else 4W -3
end if
end if
end if
end if

Fig. 3. Update of neuron.

b = a;, then m is encoded as codm) =
Cool(a1 ) .coda;,) = 113..1%3. The encoding of the
productlons is similar to that of the tagged word. Let
P., ..., Py—1 be the productions of the considered tag-system
in which Py is the single halting production that can be

Fig. 4. The control neurongg, Cy).
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considered as empty,
135cod(P;)5...codPy_1)55.

However, as the neurons are not able to store sequences
but rather numbers, the neurviwill keep a base-4 repre-
sentation of the encoding of the tagged word, &hakill
constitute a base-6 representation of the encoded produc-
tions. W stores the encoding of a tagged wandas the real
numberw(m) defined by

S e((24)

wherelij| denotes the number of bits in the encodingapf
The constantable is defined similarly but in base 6. Notice
that similar Cantor-like encoding was introduced for exam-
ple in Siegelmann and Sontag (1994) and its advantage will
become clear later in this proof.

then this set is encoded by

3
4\ij|+1

3.2. The read-in stage

The initial configuration of our neural network is 0 in all
neurons. The network is then activated by the input signals.
The process of reading in the input and initiating the
network is called thereadin stage. This stage occurs
when the control neurons have the valu€s, C,) = (0,0).

It updates by the following equations:

1
W :(2|W+1+W)ZV’

K:=lg

C]_ = |e.

The first update equation describes the on-line accumula-
tion of cod() in neuronW. At the same time the length
stored inL, is incremented by 1 each step for as long as
I, = 1. When this process is completdd becomes 0, and
simultaneouslyl, is set to 1. This yields the loading of
table to K and neurorC, is set to 1 as a preparation for
the next stage, i.e. the first stage of a computation cycle. The
content of the neurons at this moment is as follows:

W L K H

C

table 1 0 0 0 0 0

C, Ew Ex E

tag 47t

We are now ready to describe our nine-neuron network
and prove that it simulates a tag-system and thus is univer-
sal. The update equations of the neurons are presented in
Fig. 2. For clarity, Fig. 3 demonstrates the switch-affine
update equation of neurd¥ in terms of an ‘if-then-else’
statement with an affine update. The neural update equations
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Global rules:

Erx = if ExV E, then 0 else [kk2 > 136]
E. = if Ex\ E, then 0 else [kikoks > 135¢]
Stage (1,0):
W = if-FE,then W
else if ~Ey then pop(1l4) from W % AW -1
else pop(134) from W % 16W — 13,4
L ;= if -FE, then L
else if ~Fw then 4L %le—1-1
else 16L %l 1-2
K := if —=E, then pop(ls) from K
if -Fw then pop(ls) from K else pop(3s) from K % 6K — 1;6K — 3
else pop(35¢) from K % 36K — 35¢
Cl = ’1EW V —|Er
Co, = EwA\E;
Ew = if-EwV-FE, then [W,W; > 134] else 0
H = [k1 2 56]

Fig. 5. Update rules during stage (1,0).

are discussed in more detail throughout the rest of this configuration. During a computation cycle, stages occur in

section. the order: (1,0), (0,1), (1,1). As can be seen from Fig. 4 the
network turns from stage (1,0) to stage (0,1) by simulta-
3.3. Computational cycles neous changes ik, and E, from O to 1. It then turns

from stage (0,1) to (1,1) &5 turns from O to 1. The network

Each step of the tag-system computation will be simu- turns back to stage (1,0) for the next cycleEggturns from
lated by a cycle. Each cycle is further split into thetages 0 to 1.
corresponding to the three operations in one step of the tag- In what follows we first shortly describe the operations of
system. Cycles are characterizeddbgrting configurations the different neurons during the different stages and then
to be described later, and our proof boils down to establish- continue with detailed demonstrations. Let us start with
ing that starting from any such configuration, a sequence of W. In stage (1,0), the network erases the first encoded letter
consecutive applications of our neural network leads to the from W and prepareK to start with the prediction rule
correct next starting configuration. associated with the letter removed. In stage (0,1), the letters

The Boolean neuron§; andC, are devoted to marking  of the rule associated with the letter just removed are
these stagesCq,C,) = (0,0) was used only once to indicate appended tdV. In stage (1,1), the network removes the
the initialization read-in stage leading to the first starting second letter ofV.
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We next consider the operation of the remaining Boolean

neurons: Ey, Ex, E, and H. The Boolean neurorEy, () W b K @ @ B & B H
depends on the first two letters W : W;W,. Let us call 1 4% 18y 1 0 o0 0 0 ©
the testo(16W — 6) thepotential valueof Ey. It is equiva- 1x 4:§ 3ly 1 0 1 1 0 ©
lent to the symbolic check of wheth&W,W, = 13,. Ey, x4 ly r o0 1 0 0 0
takes the value 1 when its potential value is 1 except for

when stage (1,1) turns to stage (1,0) or when stage (1,0)

turns to stage (0,1)E, and E; depend on the first letters (2c) W L K G G Ey E E H
of K. Define thepotential value®f Ex andE, to be, respec- ¢

tively, cr(36_K — 8) and 216K — 57). These correspond to g 2-z ;;,5)/ 1 8 16 ci 01 %
the symbolic checkK;K, = 13 andK;K,K; = 135;. The X gty 0o 1 o0 0 0 o0
Boolean neurong&y and E, take the value 1 only if their

potential value is 1 and when this potential value is 1, the With, here, € =0 or 1.

signal is actually 1 only if both previous valuesEf andE, 33 W L K G ¢ E E E H

were 0. The neuroH takes the value 1 when the first digit in

K is 5 and when this happens in stage (OH serves as the 1x  4¢ 113y 1 0 0 0 0 ©
halting neuron, as will be described towards the end of the x4 1y 1 606 o o o0 0
proof. We now turn to describe the individual stages with
demonstrations.

During state (1,0) the network erases the first letter in the 3p) w L K G C Ey E E H

encoding string ofV, and locates in the encoding string of ~
table the production corresponding to that letter \bf illz 1,4 ;3’
The logical structure of the update operations in stage X 4¢ 1y 1 0 o0 0 0o o
(1,0) is indicated in Fig. 5. Note the correspondence to the
update equations in Fig. 2. There, in each sum, the Boolean-
valued control neuron€; and C, select the update values It is now possible to prove that applying the network
appropriate to the given stage. equations starting from configuration (1), the network
Let us indicate several intermediary configurations which arrives at configuration (Il) which is the starting configura-
will allow us to prove that stage (1,0) leads from configura- tion of stage (0,1). The proof goes by inductionmrCase
tion (1), whereP; denotescod(P;): n = 1 is proved by subtable 2c. Case= 2 is proved by
applying first subtable (1) to which subtables 2a to 2c
successively apply, subtables 2a and 2b show that the letters

e
o o
o o
=)
o o
o o

0 w L K G G Bv B B H of P, are all erased during stage (1,0). The proof of the
1% 4% 13%,.5P.z2 1 0 0 0 0 o induction step immediately ensues from subtables 3a, 3b
and 2c.
to the configuration:
m w L K &6 & B & E H 3.3.1. Stage (0,1)
x 4% pz 0 1 0 0 0 o0 During stage (0,1) the network appendsWbthe first

production occurring irtable , and progressively erases
Indeed, a straightforward application of the network equa- the production each time a letter is transferredMoThe
tions allows one to prove the following configuration transi- lengthL of W is updated accordingly.

tions in accordance with the different cases: The following transition tables indicate the evolution of
the neuron states during this stage.

n w L K G C Ey E E H
11x 47 135 1 0 0 0 0 o0 @ wotL K G & B B & H
11x 471 35y 1 0 0 1 1 0 X 4t 1y o 1 c 0 0o o
—-1+1
x4 y i1 0 o0 0 0 o0 x4t 1y 0o 1 c 0 o o
(a) W L K G G Ey E E H (2a) W L K G GG Ev E E H
1x 4% 11y 1 0 o0 0 0 o X 47t By 0 1 € 0 0 0
1x 4% 11y 1 0 1 0 0o o x1 4% 3y o0 1 € 1 0 0
1x 4% 1y 1 0 1 0 0 o x13  4¢?% 1y 0 1 € 0 o0 o0




H.T. Siegelmann, M. Margenstern / Neural Networks 12 (1999) 593-600 599

w L K ¢, C, Ew Ex E. H
113113113 479 1351135113111355 1 0 0 0 0 O
113113113 47%  351135113111355 1 0 0 1 1 0O
13113113 47% 1135113111355 1 0 0 0 0 0
13113113 4% 135113111355 1 0 1 0 0 0
13113113 4-% 35113111355 1 0 1 1 1 0
113113 4=% 113111355 01 0 0 0 0
1131131 477 13111355 0 1 0 0 0 0
11311311 4% 3111355 0 1 0 1 0 0
113113113 479 111355 01 0 0 0 0
1131131131 4-10 11355 0 1 0 0 0 0
11311311311 4711 1355 0 1 0 0 0 0
113113113111 4712 355 0 1 0 1 1 0
1131131131113 4713 0 1 1 0 0 0 0
131131131113  47'2 0 1 1 0 0 0 0
31131131113 471 0 11 1 0 0 0

1131131113 4719 1351135113111355 1 0 0 0 0 0

Fig. 6. Neural values of system (3).

The following transition tables describe the evolution

(2b) W L K G ¢ By B E H during this stage:
X 4¢ % 0 1 € 0 0 O la) W L K C Ey E E H
x1 4¢' 3% 0 1 € 1 1 0 (1) & & B K '
x13 4%y 1 1 0 0 0 o 11x 47t y 1 1 0 o0 0 0

x 4% o0 1 1 o0 €, €, 0

Notice that the equalitf,, = 0 in the last configuration
occurring in (D) is given by the term— 16E,C,(1-C,) of the
network equation definingy,

Hence, by induction on the number of letters in the
production to be replicated, and for each letter on the

Value 1 forEy is possible: this happensyfbegins with 13;

if y begins with 135 the value 1 is also reachediybut

this has no consequence in further transitions as seen in the
next subtables.

number of 1's contained in its encoding, it is easy to (1b) w L K & C Ew E E H
prove that during stage (0,1), the network evolves from =
configuration e a7 0110 &8 & 0
Ix 4 0o 1 1 o0 0 0 0
am w L K ¢ G Ey E E H
x 4% Pz O 1 € 0 0 o0
@ w L K G C Eyw E E H
to configuration:
13x 47¢ y 1 1 0 0 0 0
am w L K & C Ey E E H x4t 0 1 1 1 €, €, 0
X 472 table 1 0 0 O 0 0

xp, 47'™h z 1 1 IS 0 0 ©

where£,, is the length ofP,,. Hence, by induction on the number of 1s contained in the

first letter of W (to be erased), it is easy to prove that during

3.3.2. Stage (1,1) stage (1,1), the network evolves from configuration
During stage (1,1), the network erases the second letter of
Wand at each step updates the value.oFhus anew cycle (1) W L K & C Ev E& E H

may start again as soon as the appropriate valu€fand

*3x 4% y 1 1 0 0 0 o0
C, are reached.
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to the configuration: Gavalda R., & Siegelmann, H. T. (1999). Discontinuities in recurrent
neural networksNeural Computationl1 (3), 715-745.
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Sciencgpp. 337). Munich: Springer.

which is the starting configuration of a new simulating Kilian, J., & Siegelmann, H. T. (1996). The dynamic univdityaof

cycle, i.e. the first configuration of stage (1,0) in the next ng;:da' neural networkdnformation and Computatiqn128 (1),
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