


Assume that a two-stack machine M is given. Without
loss of generality, we assume that the initial state sy, dif-
fers from the halting state sy (otherwise the function
computed is the identity, which can be easily imple-
mented by a net), and we assume that S := {0,..., s},
with sy = 0 and sy = 1.

4.1 MATHEMATICAL CONSTRUCTION

We build the net in two stages.

e Stage 1: As an intermediate step in the construc-
tion, we shall show how to simulate M with a certain
dynamical system over Q°+2. Writing a vector in Q**?
as

(317 eee9 Ty, 41, 42) ’
the first s components will be used to encode the state
of the control unit, with 0 € § corresponding to the
zero vector £3 = -+ = ¢, = 0, and i € 5, i # 0
corresponding to the ith canonical vector
e =(0,...,0,1,0,...,0)

(the “1” is in the ith position). For convenience, we also
use the notation eg := 0 € Q°. The ¢;’s will encode the
contents of the stacks. Formally, define

Bij : {0,1}4—-){0,1},
for i€{1,...,8}, j€{0,...,8} and
7+ {0,1}* — {0,1},
for i=1,2, j€{0,...,3}, k=1,2,3,4as follows:
,B.-j(a, b,d, 6) =1 & 90(_7', a,b, d,e) =1

(intuitively: there is a transition from state j of the
control part to state 7 iff the readings from the stacks
are: top of stackl is a, top of stack2 is b, the emptyness
test on stackl gives d, and the emptyness test on stack2
gives e),

7}]‘(0” b,d, e) =1 < 6i(j,a,b,d,e) = (1’ 0, 0)
(if the control is in state j and the stack readings are
a, b, d, e, then the stack 7 will not be changed),
, 1 1
'y,?j(a, bd,e)=1 <> 6;(j,a,b,d,e) = (Z’O’ :1-)

(if the control is in state j and the stack readings are
a,b,d, e, then the operation Push0 will occur on stack
i),

, 1.3
'y?j(a, b,d,e)=1 <> 6;(j,a,b,d,e) = (Z’O’ Z)

(if the control is in state j and the stack readings are
a,b,d,e, then the operation Push! will occur on stack
i),

vE(a,bydye) = 1 < 6;(j,a,b,d,e) = (4,-2,—1)

(if the control is in state j and the stack readings are
a, b,d, e, then the operation Pop will occur on stack ).

Let P be the map @t — @*+2:

(1317""1:6)‘11"]2) — (zilha""x:-»qi‘-,q-z‘-)
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where, using the notation ¢ := 1 - 377_, z;:

a:;‘" =0 [Z ,Bij(C[QI], C[QZ]a T[q1], T[q2]) wi:l ()

j=0

fori=1,...,8and

3
(i: 7 Claa), ¢la2), Tlaal, ‘r[qz])b‘j) g+

j=0

J

s

393 (Clash lad, vl 7loales | Gait 3 +

j=0

Q?- =
|
(go 75 (¢las)s Clazls Tlaa)s r[qz])cj)(%qH :11_) +

(Z v(¢laal; ¢laz), Tlaa), 'r[qz])vj) @g: —2¢[q:] -~ 1)]
j=0

for i = 1,2. Note that the “o” does not need to appear
on the right hand side of both equations. It is used only
for consistency in obtaining the desired result. Recall
that ([g:] is the map that provides the symbol at the
top of stack ¢, and 7[g;] performs the emptiness test on
this stack.

Let m: X = S x C4 x C4 — ©**2 be defined by

W(ia q1, Q2) = (el'a q1, Q2)-
It follows immediately from the construction that

ﬁ(#(i, q1, qz)) = 7!'(?(1., q1, Q2))
for all (i,q1,q2) € X.
Applied inductively, the above implies that

P* (e0, 6w}, 0) = m(P*(0,6[w],0))

for all k, so ¢(w) is defined if and only if for some % it
holds that P*(eg, 6[w], 0) has the form

(e1,91,92)
(recall that for the original machine, s; = 0 and sy = 1,

which map respectively to eg = 0 and e; in the first s

coordinates of the corresponding vector in Q°**2). If
such a state is reached, then g; is in C4 and its value is

§[¢(w)] -
o Stage 2: The second stage of the construction simu-

lates the dynamics P by a net. Subsection 4.2 provides a
pictorial description of the following mathematical con-
struction. We first need an easy technical fact.

Lemma 4.1 For each function 8 : {0,1}* — {0,1}
there exist vectors

6
v1,02,...,v16 € Q



and scalars

€1,C2y..-3€16 € Q
such that, for each a,b,d,e,z € {0,1} and each ¢ €
[0’ 1]’

16
B(a,b,d,e)z = Zc,-a’(vg - )
i=1
and

16
ﬁ(aa b,d, e)xq =0 <q + Z C,’O’(’U{ . V') - 1) 3
i=1
where we denote z = (1, a, b, d, e, z) and “” = dot prod-
uct in Q.

Proof. Write 8 as a polynomial 5(a, b,d,e) = ¢; +c2a+
¢3b +cqd+ese+ ceab+crad+cgae +cobd+ciobe +c1yde+
c1aabd + c13 abe + cyqade+ cisbde + cieabde, expand
the product 8(a, b, d, €)z, and use that for any sequence
l1,..., I of elements in {0,1}, one has

Iy« lg =0'(11+"’+Ik -—-k-l-l).
Using that z = o(z), this gives that

Bla,b,d,e)x =
c10(z)+czo0(a+z—~1)+---+cre0(a+b+d+e+z—4) =
ity cio(vi - u)

for suitable ¢;’s and v;’s. On the other hand, for each
r € {0,1} and each ¢ € [0,1] it holds that 7¢ =
o(qg + 7 — 1) (just check separately for 7 = 0,1), so
substituting the above formula with + = 8(a,b,d, e)z
gives the desired result. |

Apply Lemma 4.1 repeatedly, with the “B” of the
Lemma corresponding to each of the §;;’s and ~} ;'s, and
using variously ¢ = gi, ¢ = (}¢i + 1), ¢ = (& + 3), or
q = (4¢i—2¢[gs]—1). Write also o(4¢; —2) whenever (|g;]
appears (using that {[g] = o(4¢ — 2) for each ¢ € Cy),
and o(4q) whenever 7[g] appears. The result is that P
can be written as a composition

P = F10F20F30F4

of four “saturated-affine” maps, i.e. maps of the form
FAz+c): Fu:Q*? —» Q" F3: Q" - Q" F2: Q" -
Q7, F, : Q" — Q°**2, for some positive integers u, v, 7.
(The argument to the function Fy, called below 23, of
dimension (s + 2), represents the s z;’s of Equation (2)
and the two g¢;’s of equation (4.1). Functions Fy, Fp, F3
compute the transition function of the z;’s and ¢;’s in
three stages.)

Consider the set of equations

zi = Fl(zg)
21 = Fz(Zs)
z3 = F3(za)
zi = Fy(z1),

where the 2;’s are vectors of sizes s + 2, 7, v, and u
respectively. This set of equations models the dynamics
of a o-processor net, with

N=s+2+pu+v+ny
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processors. For an initial state of type z1 = (eo, 6[w], 0)
and z; = 0, i = 2,3,4, it follows that at each time of
the form ¢ = 4k the first block of coordinates, 21, equals

ﬁk (607 6[“’]7 0)

All that is left is to add a mod-4 counter to impose
the constraint that state values at times that are not
divisible by 4 should be disregarded. The counter is
implemented by adding a set of equations

yjr = o(y2),
y?l- = a(y3)v
y3 = o(ys),
T =o(l—y2—ys—vs).

When starting with all y;(0) = 0, it holds that y;(¢) = 1
if t = 4k for some positive integer k, and is zero other-
wise.

In terms of the complete system, ¢(w) is defined if and
only if there exists a time ¢ such that, starting at the
state

5= (60,6[(1}],0), z=0,0=234,35=01:=123,4,

the first coordinate z13(t) of 21(t) equals 1 and also
y1(t) = y2(t — 1) = 1. To force 211(¢) not to output
arbitrary values at times that are not divisible by 4, we
modify it to

2z = o(...+ I(y2 — 1)),
where “...” is as in the original update equation for
211, and [ is a positive constant bigger than the largest
possible value of z1;. The net effect of this modification
is that now 211(¢) = 0 for all ¢ that are not multiples of
4, and for ¢t = 4k it equals 1 if the machine should halt
and 0 otherwise. Reordering the coordinates so that the
first stack ((s + 1)st coordinate of z;) becomes the first
coordinate, and the previous 2;; (that represented the
halting state sy of the machine M) becomes the second
coordinate, Theorem 2 is proved. [ ]

4.2 A LAYOUT OF THE CONSTRUCTION

The above construction can be represented pictorially
as in Figure 1 (see below).

For now, ignore the rightmost element at each level,
which is the counter. The remainder corresponds to the
functions Fy, F3, F2, Fy, ordered from bottom to top.
The processors are divided in levels, where the output
of the ith level feeds into the (¢ — 1)st level (and the
output of the top level feeds back into the bottom).
The processors are grouped in the picture according to
their function.

The bottom layer, Fy4, contains five groups of processors.
The leftmost group of processors stores the values of the
s states to pass to level F3. The “zero state” processor
outputs 1 or 0, outputting 1 if and only if all of the
8 processors in the first group are outputting 0. The
“read stack i” group computes the top element {[q;] of
stack 7, and 7[g;] € {0, 1}, which equals 0 if and only if
stack ¢ is empty. Each of the two processors in the last
group stores an encoding of one of the two stacks.



F. oo
1t Q00O Q0O ®
. s states 2 “stacks” counter 1
22 000 Q000 0000 ®
s states 4 “new stackl” 4 “new stack2” counter 2
F: OO0 OO ®
9(s+1) top of stacks 2 “stacks” counter 3
Fa: e ®
2: 00O O 00 OO 0.0)
s states  zero state read “stackl” read “stack2” 2 “stacks” counter 4
Figure 1: The Net Simulating a Two Stack Turing Machine
Layer F3 computes the 16 terms o(v; - 1) that appear in and
the needed equations for each of the possible s + 1 val- 'y:‘j : {0,1}* — {0, 1}, (5)

ues of the vector z. Only 9(s+1) processors are needed,
though, since there are only three possibilities for the or-
dered pair (¢[g:], 7[gi]) for each of the two stacks. (Note
that each such u contains {[g1], {[g2], Tq1]; Tg2], as well
as Zg,..., s, that were computed at the level F,.) In
this level we also pass to level Fy the values ¢[g1], ([q2]
and the encoding of the two stacks, from level Fy.

At level F; we compute all the new states as described
in equation 82) (to be passed along without change to
the top layer). Each of the four processors in the “new
stack ©” group computes one of the four main terms
(rows) of equation (4.1) for one stack. For instance, for
the fourth main term we compute an expression of the
form:

s 16
o(4qi — Kl - 1+ )Y cijo(vi - p) - 1).

j=03i=1

Note that each of the terms g;, {[gi], o(v; - ) has been
evaluated in the previous level.

Finally, at the top level, we copy the states from level Fs,
except that the halting state z; is modified by counter2.
We also add the four main terms in each stack and apply
o to the result.

After reordering coordinates at the top level to be
t1, Zo,. .. ’ za,tZa

the data processor and the halting processor are first
and second, respectively, as required to prove Theorem
2. Note that this construction results in values

p=8+7,vr=93+13, andnp=s+8.

4.3 GENERALIZATION TO MULTI-TAPE
TURING MACHINES

Let p (p > 1) be the number of tapes in a multi-tape
Turing Machine. Stage 1 of the construction would sim-
ulate now a machine M with p tapes, i.e. 2p stacks, as
a dynamical system over @*+??. That is, we define

i+ {0, 1}4p — {0,1}, 4

for ie{l,...,s}, j€{0,...,s}
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for 1=12,...2p, j€{0,....,8}, k=123/4
similarly to the above definitions. The dynamics maps
are now functions of 4p stack readings rather than only
four.

In stage 2, we use a more general lemma, which states

Lemma 4.2 For each function 8 : {0,1}% — {0,1}
there exist vectors

.y V420 € Q(4p+2)

V1, V2y ..
and scalars
C1,€C2y...,Cq20 € Q
such that, for each ajg,a3,...,a42» € {0,1} and each
g €1[0,1],
421’
Blay,as,...,a42)z = Zc.-cr(v; )
i=1
and
4%
B(ai,az,...,a42)zq = o (g+ Ec;o(v; -p) -1y,
i=1

where we denote u = (1,a1,as,..., a42s,z) and “* =
dot product in Q{4+2), |

The size of the resulting network is u = s + 1 + 6p,
v =97(3+ 1)+ 4p, and n = s + 8p.

4.4 INPUTS AND OUPUTS

We now explain how to deduce Theorem 1 from Theo-
rem 2. In order to do that, we first show how to modify
a net with no inputs into one which, given the input
ty(+), produces the encoding §{w] as a state coordinate
and after that emulates the original net. Later we show
how the output is decoded. As explained above, there
are two input lines: D = wuy carries the data, and V = u,
validates it.

So assume we are given a net with no inputs

et = o(dz+¢) (6)



as in the conclusion of Theorem 2. Suppose that we
have already found a net

yt = o(Fy+ gus + hug) (N

(consisting of 5 processors) so that, if u1(-) = Dw(-) and
ua(+) = V,,(+), then with y(0) = 0 we have

y4(.) = 0...06[w]00... and y5()=0011. ,
lol+1 lol+2

that is,
ift=|w|+2
otherwise,

va(t) = { 3[“’]

and

_Jo ift<|wj+2
¥s(t) =\ 1 otherwise.
Once this is done, modify the original net (6) as follows.
The new state consists of the pair (z, y), with y evolving
according to (7) and the equations for £ modified in this
manner (using A; to denote the ith row of A and ¢; for
the ith entry of ¢):

¥ = o(Aiz+crys + va)

zf = o(diz+ays), i=2,...,n.
Then, starting at the initial state y = ¢ = 0, clearly
z1(t) =0 fort = 0,...,|w|+ 2 and z1(|w| + 3) = §[w],
while, for i > 1, z;(t) =0 for t = 0,...,|w| + 3.

After time |w|+ 3, as y5 = 1 and u; = uz = 0, the
equations f or x evolve as in the original net, so z(¢) in
the new net equals z(¢ — |w| — 3) in the original one for
t > |w|+3.

The system (7) can be constructed as follows:

w = 0(%y1+%u1+i+uz—-1)
ys = o(uz)

y;’ = o(y2 — u2)

vi = o(m+y—uz—1)

y;“ = o(ys+ys)

This completes the proof of the encoding part. For the
decoding process of producing the output signal yi, it
will be sufficient to show how to build a net (of dimen-
sion 10 and with two inputs) such that,

starting at the zero state and if the input sequences are
z1 and z2, where z1(k) = 6[w] for some k and z2(t) = 0
for t < k, ngk) =1 (z1(t) € [0,1] for t # &, z2(t) €
[0,1] for ¢ > k), then for processors zg, z10 it holds that

1
Zgz{o

ifk+4<t<k+3+]w|

otherwise ,
and
) wigos fE+4<t<k+3+|w]
Z10=13 o otherwise .
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This is easily done with:

zi*' = o(z2+ 21)

2 = o(z)

2z = o(z2)

z§ = o(z)

z;' = o(za+21~22—1)

zg = o(dza+21—222-3)

zF = o(1625 — 827 — 623 + 26)
z’S*' = o(4zs — 227 — 23 + 25)
zd = o(4zs)

zfy = o(z).

In this case the output is y = (210, 2¢).

Remark 4.3 If one would also like to achieve a reset-
ting of the whole network after completing the opera-
tion, it is possible to add the processor

2y = (210 ,

and to add to each processor that is not identically zero
at this point of time,

vj-za("'+zll“210)’ 'UE{E,y,Z},

where . ..” is the formerly defined operation of the pro-
CeSssor.

5 THE SIZE OF THE NETWORK

Following the construction above, we can estimate the
size of a network needed to compute a recursively com-
putable partial function. Let ¢ be a recursively com-
putable partial function, and let s be the number of
states in the control unit of some 2p-stack machine com-
puting ¢. Then there exists a processor net A that
computes ¢, and consists of

[u+v+n+s+2p+4+ [5] +[10+1]=
~ - S S
output

system without inputs  input

97(s + 1) + 33 + 20p + 21 processors.

6 THE UNIVERSAL NET

A consequence of Theorem 1 is the existence of a uni-
versal pro¢essor net, which upon receiving an encoded
description of a recursively computable partial function
(in terms of a Turing Machine) and an input string,
would do what the encoded Turing Machine would have
done on the input string.

To approximate the number of processors in such a pro-
cessor net, we should calculate the number s discussed
above, which is the number of states in the control unit
of a two stack universal Turing Machine. Minsky proved
the existence of a universal Turing Machine having one
tape with 4 letters and 7 control states, [13]. Shannon



showed in [17] how to change the number of letters in a
Turing Machine. Following his construction, we obtain
a 2-letter 63-state Turing Machine. However, we are in-
terested in a two-stack machine rather than one tape.
Similar arguments to the ones made by Shannon, but
for two stacks, leads us to s = 84. Applying the formula
12s 4 50, we conclude that there is a universal net with
1058 processors. (This estimate is very conservative. It
would certainly be interesting to have a better bound.
The use of multi-tape Turing Machines may reduce the
bound. Furthermore, it is quite possible that with some
care in the construction one may be able to drastically
reduce this estimate. One useful tool here may be the
result in [1] applied to the control unit—here we used a
very ineflicient simulation.

7 NON-DETERMINISTIC
COMPUTATION

A non-deterministic processor net is a modification of a
deterministic one obtained by adding a guess input line
(G) in addition to the validation and data lines. Hence,
the dynamics map of the network is now

F:QV x{0,1}*-q".
Equations (4) and (5) are modified into
Bij = {0,1}0%+1) — {0, 1},

for i€{1,...,8}, je{o0,...,s}
v+ {0,134 - {0,1},

for ¢=1,2,...2p, je€{0,...,8}, k=1,23,4
where the arguments of the functions §;; and 'y,!‘j are
the 4p stack readings as above, along with the current
guess G(t).

The language L accepted by a nondeterministic formal
network in time B is

L ={w|3 a guess G, dn(w,G) = 1, Tw(< B(lwl)} .
The function B is called the computation time.

Theorem 1 can be restated for the non-deterministic
model in which A is a non-deterministic processor net
and M is a non-deterministic Turing Machine. The the-
orem remains correct in this non-deterministic version.
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