
simulation by a net, the state s will be represented in
unary, as a vector of the form (O, 0,...,0, 1,0,..., O).)

For any q E CA, we write

and:

([d:={; ;;:1,

{ O ifq=O
T[q] := 1 ifq #O.

We think of ([o] as the “top of stack,” as in terms of the
base-4 expansion, <[q] = O when al = 1 (or q = O), and
([q] = 1 when m = 3. We interpret ~[.] as the ‘empty
stack” operators. It can never happen that <[q] = 1
while r[q] = O; hence the pair (<[q], T[q]) can have only
three possible values in {O, 1}2.

Definition 3.1 A two-stack machine M is specified by
a 6-tuple

(S, 51, $H, 60,81, 02),

where S is a finite set, 81 and ~H are elements of S called
the initial and halting dates, respectively, and the $i’s
are maps as follows:

ef):sx{o,l}4-+s

6i:s x{O, 1}4~ {(1,0,0 ),(~,0, ~),(~,o, ~), (4,–2,–1)}

for i = 1,2.

(The function 80 computes the next state, while the
functions 61 and 82 compute the next stack operation
for stackl and stack2, respectively. The actions depend
only on the state of the control unit and the symbol
being read from each stack. The values

(1,0,0),(:,0, ~),(~,0, :),(4,–2, -1)

of the @i should be interpreted as ‘no operation”,
‘(pushO”, “pushl”, and “pop”, respectively.)

The set .2! := S x C4 x C4 is called the instantaneous
description set of J4, and the map

P: X-+x

defined by

7(s, ql, q2) :=

[~o(% c[qll! @121,~[qll, ~[q21),
e~(s, ([ql], ([q2], ~[!711,@421) “ (ql> ([!711! 1)!
e~(s, ([ql], <[q2], ~[qll, ~[q21) “ (q2! CIWI$ 1)1

where the dot “.” indicates inner product, is the com-
viete dvnamics mav of M. As Dart of the defini-
~ion, it” is assume~ that the ma~s /?l, 02 are such
that 61(s, ([ql], ([qZ], O, ~[qz]), @2(s, ([ql], ~[qz]~ ~[ql]} 0)
# (4, –2, –1) for all s, ql, q2 (that is, one does not at-
tempt to pop an empty stack).

Let w ~ {O, 1}* be arbitrary. If there exist a positive in-
teger k, so that starting from the initial state, sI, with
c5[u] on the first stack and empty second stack, the ma-
chi;e reaches after k steps
is,

@(sI, 6[W], o) =

the- halting state ‘sJf, that

(s~, 6[W,], 6[W2])
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for some k, then the machine M is said to halt on the

input w. If w is like this, let k be smallest possible so
that

@-(sr, ‘5[0], o)

has the above form. Then the machine M is said to
output the stm”ng W1, and we let 4M (w) := u1. This
defines a partial map

4M : {o, 1}” + {o, l}*,

the i/o map of M. ❑

Save for the algebraic notation, the partial recursive
functions # : {O, 1}* ~ {O, 1}” are exactly the same
as the maps ~ti : C4 - C4 of two-stack machines as
defined here; it is only necessary to identify words in
{O, 1}* and elements of C* via the above encoding map
ii. Our proof will then be based on simulating two-stack
machines by processor nets.

3.2 A RESTATEMENT

It will be convenient to have a version of Theorem 1
that does not involve inputs but rather an encoding of
the initial data into the initial state.

For a processor net without inputs (that is, with bl =
b2 = O), we may think of the dynamics map F as a map

QN - QN. In th ta case, we denote by Fk the k-th it-

erate of ~. For a state f E QN, we let ~~ := ~~((). We
now state that if @ : {O, 1}* ~ {O, 1}* is a recursively
computable partial function, then there exists a proces-
sor net Af without inputs, and an encoding of data into
the initial state of ~, such that: ~(w) is undefined if
and only if the second processor has activation value al-
ways equal to zero, and it is defined if this value ever
becomes equal to one, in which case the first processor
has an encoding of the result.

Theorem 2 Let # : {O, 1}* -+ {O, 1}* be any recur-
sively computable partial function. Then there exists
a processor net hf without inputs so that the following

properties hold: For each w c {O, 1}*, consider the ini-

tial state

g(w) := (6[W],0, . . .,0) e (QN.

Then, if #(w) is undefined, the second coordinate ~(w)~
of the state after j steps is identically equal to zero, for

all j. If instead ~(w) is defined, then there is some k so

that

~(w)~=O, j= O,...,l, <(w)~)~ = 1,

and ~(w)f = b[~(w)].

4 PROOF OF RESULT

The proof of Theorem 1 is organized as follows. In sec-
tion 4.1, we build a processor net without inputs as
needed for Theorem 2. In section 4.2, we describe in
graphical terms the architecture being used, accomp~
nied by a detailed explanation. Subsection 4.3 gener-
alizes the result from single to multi-tape Turing Ma-
chines. In subsection 4.47 we show how to modify a net
with no inputs into one with inputs.



Assume that a two-stack machine M is given. Without
loss of generality, we assume that the initial state 81, dif-
fers from the halting state SH (otherwise the function
computed is the identity, which can be easily imple-
mented by a net), and we assume that S := {O, . . . . s},
with 51 = O and 5H = 1.

4.1 MATHEMATICAL CONSTRUCTION

We build the net in two stages.

● Stage 1: As an intermediate step in the const ruc-
tion, we shall show how to simulate M with a certain
dynamical system over Q 8+2. writing a vector in Q*+2

Ss
(zI,..., )z47!l1792 7

the first s components will be used to encode the state
of the control unit, with O E S corresponding to the
zero vector Z1 = . . . = z~ =0, andi~S, i#O
corresponding to the ith canonical vector

ei=(O, . . .. O.l, O,O)., O)

(the ‘1” is in the ith position). For convenience, we also
use the notation e. := O c Q’. The qi’s will encode the
contents of the stacks. Formally, define

Pij : {0, 1}4 + {0, 1},

for i C {1, . . ..s}. j6{0, . . ..s} and

#j : {o, 1}’+ {o, 1},

for i = 1,2, j~{o,..., s}, k = 1,2,3,4 as follows:

/3ij(a, b, d, e) = 1 ~ @o(j, a, b,d, e) = i

(intuitively: there is a transition from state j of the
control part to state i iff the readings from the stacks
are: top of stackl is a, top of stack2 is b, the emptyness
test on stackl gives d, and the emptyness test on stack2
gives e),

y~j (a, b, 4 e) = 1 = Oi(j, a, b,d, e) = (1,0,0)

(if the control is in state j and the stack readings are
a, b, d, e, then the stack i will not be changed),

#’(a,b,4e) = 1 e @i(j, a,h4e) = (~,o,~)
(if the control is in state j and the stack readings are
a, b, d, e, then the operation PushO will occur on stack
i),

~~(a, b,d, e) = 1 u ei(~,a,b,d,e) = (~,o, ~)

(if the control is in state j and the stack readings are
a, b, d, e, then the operation Pushl will occur on stack
i),

y$(a, b,d, e) = 1 ~ @i(j, a, b,d, e) = (4,–2,–1)

(if the control is in state j and the stack readings are
a, b, d, e, then the operation Pop will occur on stack i).

Let ~ be the map Q*+2 * (Q*+2 :

where, using the notation Z. := 1 – ~~=~ Zj:

r. 1
~+ :=

i 1 Ju ~ Pij(<[ql],<[q21, T[911,T[921)zj (2)
j =0

fori=l ,.. ., sand

q: := (3)

[( )o ~T}j(<[911,C[*21, T[qll,T[921kj 9i+
j =0

( )~7?j(C[9dtC[921, ‘[911, ‘[921ki (&i+$ +
j=O

( )

~7~(C[911,C[921, T[qll,T[q21kj (&i+j +
j=O

( )1~’Yfj(C[qd,C[q21, ‘[qd,T[921kj (4qi-2C[9il-1)
jzO

for i = 1,2. Note that the “u” does not need to appear
on the right hand side of both equations. It is used only
for consistency in obtaining the desired result. Recall
that <[qi] is the map that provides the symbol at the
top of stack i, and T[qi] performs the emptiness test on
this stack.

Let ~ : X = S x CA x CA ~ (Q*+2 be defined by

$f(i, ql, qz) := (ei,q~, qz).

It follows immediately from the construction that

F(z(i, ql, q2)) = m(?(i, ql, qz))

for all (i, ql, qz) ~ X.

Applied inductively, the above implies that

Pk(eo, f5[bJ],O) = 7(?+(0, ti[w], o))

for all k, so ~(w) is defined if and only if for some k it

holds that ~k (eo, c$[w],O) has the form

(cl, 91, 92)

(recall that for the original machine, SI = O and SH = 1,
which map respectively to e. = O and el in the first s
coordinates of the corresponding vector in Q8~2 ). If
such a state is reached, then ql is in C4 and its value is
J[(j(w)] .

● Stage 2: The second stage of the construction simu-

lates the dynamics ~ by a net. Subsection 4.2 provides a
pictorial description of the following mathematical con-
struction. We first need an easy technical fact.

Lemma 4.1 For each function @ : {o, 1}4 + {0,1}
there exist vectors

V1, V2, . . . , ~lfj G @
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and scalars
C.l, C2, ..., clG c Q

such that, for each a, b, d, e, z ~ {O, 1} and each q 6

P>11,
16

/3((Z,b, d, e)z = ~ CiC(Wi . /4)
i=l

and

(
16

~(a, b, d, e)zq =
)

~ q+~cia(vi”p)–1 ,
i=l

where we denote p = (1, a, b, d, e, z) and ‘.” = dot prod-

uct in Q6.

Proof Write @ aa a polynomial ~(a, b, d, e) = c1 + cza +

c3b +cAd+cse+ cGab+cTad+csae +cgbd+clobe +cllde+

c12abd + C13 abe + c14ade+ c15bde + c16abde, expand
the product ~(a, b, d, e)z, and use that for any sequence
n,..., lk of elements in {O, 1}, one has

11...zh=~(ll+-..+lk+l)l).

Using that z = u(z), this gives that

/3(a, b, d, e)z =

clfJ(z)+cW(a+z– 1)+ ...+cmu(a+b+d+e+z-4) =

~~~~ CiU(Vi . /J)

for suitable ci’s and vi’s. On the other hand, for each
r c {O, 1} and each q ~ [0, 1] it holds that ~q =
a(q + r – 1) (just check separately for ~ = O, 1), so
substituting the above formula with 7 = /3(a, b, d, e)z
gives the desired result. m

Apply Lemma 4.1 repeatedly, with the “fl” of the
Lemma corresponding to each of the ~ij ‘S and ~~j ‘s, and

using variously q = ~i, q = (~~i + ~), ~ = (*f?i + ~)t or

q = (4~i –2~[~i] – 1). Write also a(4qi –2) whenever ([qi]
appears (using that <[q] = 0(4q – 2) for each q ~ CA),

and u(4q) whenever -r[g] appears. The result is that ?
can be written as a composition

~ = FIOF20F30F4

of four “saturated-affine” maps, i.e. maps of the form
8(Az + C): F4 : QS+2 -+ QP, FS:QPb Qv, F2:Qv *

Qq, F1 : Qv - (Q’+2, for some positive integers p, v, q.
(The argument to the function F4, called below zq, of
dimension (s+ 2), represents the s ~i’s of Equation (2)
and the two qi’s of equation (4.1). Functions F1, F2, F3

compute the transition function of the xi’s and qi’s in
three stages.)

Consider the set of equations

where the .zi’s are vectors of sizes s + 2, q, v, and p
respectively. This set of equations models the dynamics
of a u-processor net, with

N=s+2+#+v+q

processors. For an initial state of type Z1 = (co, 6[u], O)
and ~i = 0, i = 2,3,4, it follows that at each time of
the form t = 4k the first block of coordinates, Z1, equals

@(e0,6[u],0).

All that is left is to add a mod-4 counter to impose
the constraint that state values at times that are not
divisible by 4 should be disregarded. The counter is
implemented by adding a set of equations

q : dY2),

;3 : ~(Y3)!
— u(y4),

Y~ ‘a(l–y2–y3–yA).

When starting with all yi(0) = O, it holds that gl(-t) = 1
if t = 4k for some positive integer k, and is zero other-
wise.

In terms of the complete system, ~(w) is defined if and
only if there exists a time t such that, starting at the
state

Z1 = (eO, /i[w],O), ~i = O,i= 2,3,4, yi = O$i= 1,2,3,47

the first coordinate z1l (t) of zl(t) equals 1 and also
Y1(t) = Yz(t – 1) = 1. To force .z1l(t)not to output
arbitrary values at times that are not divisible by 4, we
modify it to

Z;l =a(. . . + Z(yz – l)),

where ‘. . .“ is as in the original update equation for
z1l, and 1 is a positive constant bigger than the largest
possible value of z1l. The net effect of this modification
is that now Z1l (t) = O for all t that are not multiples of
4, and fort = 4k it equals 1 if the machine should halt
and Ootherwise. Reordering the coordinates so that the
first stack ((s + l)st coordinate of z1) becomes the first
coordinate, and the previous z1l (that represented the
halting state SH of the machine &f) becomes the second
coordinate, Theorem 2 is proved. I

4.2 A LAYOUT OF THE CONSTRUCTION

The above construction can be represented pictorially
as in Figure 1 (see below).

For now, ignore the rightmost element at each level,
which is the counter. The remainder corresponds to the
functions F4, F3, F2, Fl, ordered from bottom to top.
The processors are divided in levels, where the output
of the ith level feeds into the (i – l)st level (and the
output of the top level feeds back into the bottom).
The processors are grouped in the picture according to
their function.

The bottom layer, F4, contains five groups of processors.
The leftmost group of processors stores the values of the
s states to pass to level F3. The “zero state” processor
outputs 1 or O, outputting 1 if and only if all of the
s processors in the first group are outputting O. The
“read stack i“ group computes the top element ( [qi] of
stack i, and ~[qi] c {O, 1}, which equals O if and only if
stack i is empty. Each of the two processors in the last
group stores an encoding of one of the two stacks.
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F1 : @ &

s states
F2 :

2 “stacksn counter 1

po:””q ~ QOQ &
8 states 4 “news tackl” 4 “news tack2” counter 2

F3 : po”:”””q & ~ &
9(9+1) top of stacks 2 “stacks” counter 3

Fd : po; ””q Q QQ Q(J QcJ &
8 states zero state read ‘stackl” read “stack2” 2 “stacks” counter 4

Figu?’e 1: The Net Simulating a Two Stack Turing Machine

Layer F3 computes the 16 terms a(vi . p) that appear in
the needed equations for each of the possible s + 1 val-
ues of the vector z. Only 9(s + 1) processors are needed,
though, since there are only three possibilities for the or-
dered pair (<[~i], ~[~i]) for each of the two stacks. (Note
that each such p contains c[ql], <[q2], T[ql], r[q2], M well

aszo, ..., Z$, that were computed at the level F4.) In
this level we also pass to level Fz the values c[ql], <[92]
and the encoding of the two stacks, from level F4.

At level F2 we compute all the new states as described

\

in equation 2) (to be passed along without change to
the top layer . Each of the four processors in the “new
stack in group computes one of the four main terms
(rows) of equation (4.1) for one stack. For instance, for
the fourth main term we compute an expression of the
form:

16

~(4~i – 2<[~i] – 1 + 5 ~cija(Vi - P) – 1).

~=0 i=l

Note that each of the terms qi, <[qi], u(~i . p) has been
evaluated in the previous level.

Finally, at the top level, we copy the states from level F3,
except that the halting state Z1 is modified by counter2.
We also add the four main terms in each stack and apply
a to the result.

After reordering coordinates at the top level to be

‘tI, zo, . . ..z$. tz,

the data processor and the halting processor are first
and second, respectively, as required to prove Theorem
2. Note that this construction results in values

p=s+7, v=9s+ 13, andq=s+8.

4.3 GENERALIZATION TO MULTI-TAPE
TURING MACHINES

Let p (p ~ 1) be the number of tapes in a multi-tape
Turing Machine. Stage 1 of the construction would sim-
ulate now a machine &f with p tapes, i.e. 2p stacks, as
a dynamical system over Q8+2P. That is, we define

Pij : {0, 1}4P + {0, 1}, (4)

for i e {1, . ...8}, jc{o, . . ..s}

and
~& : {o, 1}4P + {o, 1}, (5)

for i=l,2 ,...2p, jc{O,..., s}, k=l,2,3,4
similarly to the above definitions. The dynamics maps
are now functions of 4p stack readings rather than only
four.

In stage 2, we use a more general lemma, which states

Lemma 4.2 For each function @ : {O, 1}4P a {0,1}
there exist vectors

Vl, VZ, . . .. V42~e Q (4F+2)

and scalars
cl,cz,...,C42~EQ

such that, for each al, a2, . . . . a4~P ~ {O, 1} and each
q e [0, 1],

~(al, az, . . .,a42p)Z = ~cia(vi oP)
i=l

and

42P

~(a~,az,..., a4ap)aq = ~ (q+ ~ci~(’Vi . fJ) ‘1) ,
i=l

where we denote p = (l, al, a2, . . . . a4a*, z) and “.” =

dot product in Q(4P+2). •1

The size of the resulting network is p = s + 1 + 6p,
v=9P(s+ l)+4p, andq=s+8p.

4.4 INPUTS AND OUPUTS

We now explain how to deduce Theorem 1 from Theo-
rem 2. In order to do that, we first show how to modify
a net with no inputs into one which, given the input
Uu (.), produces the encoding 6 [w] as a state coordinate
and after that emulates the original net. Later we show
how the output is decoded. As explained above, there
are two input lines: D = U1 carries the data, and V = U2
validates it.

So assume we are given a net with no inputs

~+ = a(llz + c) (6)
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as in the conclusion of Theorem 2. Suppose that we
have already found a net

Y+ = u(Fy + gul + hu2) (7)

(consisting of 5 processors) so that, if ul(”) = DW(S) and
u2(”) = VU(”), then with Y(O) = O we have

. ..06[u]00 . . . and ys(”)=~ll””” ,

and

{

O ift~lwl+2
y5 (t) = 1 otherwise.

Once this is done, modify the original net (6) as follows.
The new state consists of the pair (z, y), withy evolving
according to (7) and the equations for x modified in this
manner (using Ai to denote the ith row of A and ci for
the ith entry of c):

x: = a(Alz + c.1Y5+ y4)

~+ –
i— u(Ai~+ciy5)1 i=2>. ..?n.

Then, starting at the initial state y = z = O, clearly
zl(t) = O for t = 0,. ... lwl+ 2 and z1(IwI + 3) = 15[u],
while, fori> 1, ~i(t)=0 fort =0, . . ..lwl +3.

After time Iul + 3, as y5 s 1 and U1 = U2 = O, the
equations f or z evolve as in the original net, so z(t) in
the new net equals z(t – IWI – 3) in the original one for
t~lwl+3.

The system (7) can be constructed as follows:

11
Yt = a(iyl + ~ul + ;+ U2–1)

Y; = C(U2)

Y: = a(yz – U2)

Y: = C(yl+yz–uz–1)

Yi!- = a(y3 + ys)

This completes the proof of the encoding part. For the
decoding process of producing the output signal yl, it
will be sufficient to show how to build a net (of dimen-
sion 10 and with two inputs) such that,

starting at the zero state and if the input sequences are
al and x2, where zl(k) = 6[w] for some k and zz(t) = O
for t < k, 02 k) = 1 (q(t) C [0,1] for t # k, *z(t) 6

\[0, 1] fort> k , then for processors .z9, ZIO it holds that

Z9 =

{

1 ifk+4~t~k+3+lu]
O otherwise ,

and

{

~t_k_s
Z1O=

ifk+4~t~k+3+lwl
o otherwise .

This is easily done with:

+–Z1 —

+—Z2 —

+–
23 —

z: =
+=

25

+–Z6 —

+–z~ —

+–ZS —

+=
Z9

+=
‘%0

C7(252+ ZJ

CT(ZI)

u(’q )

u(q)
U(Z4 + Z1 – .q – 1)

fY(4z4 + Z1 – 2Z2, – 3)

0(16zs – 827 – 6,z3 + ZG)

~(4zS – 2.ZT– 23 + z5)

u(4~s)

a(z7) .

In this case the output is y = (zlo, Z9).

Remark 4.3 If one would also like to achieve a reset-
ting of the whole network after completing the opera-
tion, it is possible to add the processor

z:. = U(zlo) ,

and to add to each processor that is not identically zero
at this point of time,

‘J = U( . ..+zll– Zlo) , v (E {z, y,z} ,

where “, . .“ is the formerly defined operation of the pro-
cessor.

5 THE SIZE OF THE NETWORK

Following the construction above, we can estimate the
size of a network needed to compute a recursively com-
putable partial function. Let @ be a recursively com-
putable partial function, and let s be the number of
states in the control unit of some 2p-stack machine com-
puting ~. Then there exists a processor net A/ that
computes ~, and consists of

[P+~+?+’+2P+4]+ [5] +[10+1]=
~w ~
system without inputs input output

9P(s + 1) + 3s + 20P+ 21 processors.

6 THE UNIVERSAL NET

A consequence of Theorem 1 is the existence of a uni-
versal protessor net, which upon receiving an encoded
description of a recursively computable partial function
(in terms of a Turing Machine) and an input string,
would do what the encoded Turing Machine would have
done on the input string.

To approximate the number of processors in such a pro-
cessor net, we should calculate the number s discussed
above, which is the number of states in the control unit
of a two stack universal Turing Machine. Minsky proved
the existence of a universal Turing Machine having one
tape with 4 letters and 7 control states, [13]. Shannon
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showed in [17] how to change the number of letters in a
Turing Machine. Following his construction, we obtain
a 2-letter 63-state Turing Machine. However, we are in-
terested in a two-stack machine rather than one tape.
Similar arguments to the ones made by Shannon, but
for two stacks, leads us to s = 84. Applying the formula
12s + 50, we conclude that there is a universal net with
1058 processors. (This estimate is very conservative. It
would certainly be interesting to have a better bound.
The use of multi-tape Turing Machines may reduce the
bound. Furthermore, it is quite possible that with some
care in the construction one may be able to drastically
reduce this estimate. One useful tool here may be the
result in [1] applied to the control unit—here we used a
very inefficient simulation.

7 NON-DETERMINISTIC
COMPUTATION

A non-deterministic processor net is a modification of a
deterministic one obtained by adding a guess input line
(G) in addition to the validation and data lines. Hence,
the dynamics map of the network is now

F: Q~x{o,l}3+Q~.

Equations (4) and (5) are modified into

Pij : {o, I}(’p+’) + {o, 1},

for ie{l,..., s}, jC{O,. ... s}

V!j : {0, I}(’p+’) ~ {O, 1},

for i= 1,2,...2p, jc {0,..., s}, k= 1,2,3,4

where the arguments of the functions ~ij and Y& are

the 4p stack readings as above, along with the current
guess G(t).

The language L accepted by a nondeterministic formal
network in time B is

L = {w13 a guess G,~N(w, G) = l, T..(s B(lw\)} .

The function B is called the computation time.

Theorem 1 can be restated for the non-deterministic
model in which Af is a non-deterministic processor net
and A-4 is a non-deterministic Turing Machine. The the-
orem remains correct in this non-deterministic version.
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